Errata: Weak solutions of the Boltzmann equation and energy conservation  by Cercignani, C.
Pergamon 
Appl. Math. Lett. Vol. 8, No. 5, pp. 95-99, 1995 
Copyright©1995 Elsevier Science Ltd 
Printed in Great Britain. All rights reserved 
0893-9659/95 $9.50 + 0.00 
0893-9659(95)00074-7 
Errata: Weak Solutions of the Bol tzmann 
Equation and Energy Conservation 
C.  CERCIGNANI  
Dipartimento di Matematica, Politecnico di Milano 
Piazza Leonardo da Vinci 32, 20133 Milano, Italy 
(Received February 1995; accepted March 1995) 
Abst ract - - In  two recent papers, the author discussed inequalities which guarantee that both the 
gain and the loss term in the collision integral of the Boltzmann equation are in L 1 under a suitable 
truncation. Due to an oversight, the truncation indicated in the above-mentioned papers is not 
correct. A correct runcation, discussed here, only depends upon the relative speed (and not upon 
the deflection angle) and amounts to an acceptable assumption on the cross section. The inequality 
on the gain and loss terms, which refers to solutions depending on just one space variable, then 
remains true and guarantees that one can dispense with the concept of renormalized solution used 
in the existence proof of DiPerna and Lions. The key to the result presented here is the inequality 
related to energy conservation, proved in the second of the previously mentioned papers. 
To be able to go on talking without being caught in contradiction or without making 
a silent assumption is an art to be valued only in an acrobat. 
L. E. J. Brouwer (1905) 
1. INTRODUCTION 
The basic evolution equat ion in kinetic theory is the Bol tzmann equation [1-3], which governs 
the t ime development of the distr ibut ion function f = f (x ,  v, t). In the absence of a body  force, 
this equat ion may be wr i t ten as follows: 
Of Of 
0 - - /+ v.  7xx = Q( f '  f ) '  (1. i)  
where 
Q(f , f )=  //(f'/'.-ff,)B(n.(v-v*),lv-v.I)dv. sinOdOd¢. (1.2) 
Here B(n .  (v -v . ) ,  I v -v .  l) is a kernel containing the detai ls of the molecular interaction, f ' ,  St., f ,  
are the same as f ,  except for the fact that  the argument v is replaced by v', vt., v. ,  respectively, v. 
being an integrat ion variable (having the meaning of the velocity of a molecule coll iding with the 
molecule of velocity v, whose path we are following), v' and vP. are the velocities of two molecules 
enter ing a collision that  will br ing them to have velocities v and v.,  while 0 and ¢ are two angles 
that  give the direction of approach of the molecules before the collision and are associated to a 
unit  vector n which describes a unit sphere S 2. The relations between v~, v.,  on one hand, and v 
and v. ,  on the other hand, read as follows: 
v' = v - n [ (v  - v , ) .  n], 
' : + n[ (v  v , ) .  nl .  (1.3)  V. V. 
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We shall denote by G(f, f) and f L f ,  respectively, the gain and loss parts of Q(f, f ) .  A few 
years ago, DiPerna and Lions [3,4] provided an existence theorem (without uniqueness) for the 
Boltzmann equation in the case of rather general inhomogeneous data. Their solutions axe renor- 
malized in the sense that a nonlinear transformation is performed on the function differentiated 
in the left hand side before defining the weak solution. Because of this particular aspect, those 
solutions are not weak solutions of equation (1.1) in the usual sense and it is not easy to handle 
them for further developments. 
Thus, it appears desirable to have solutions which satisfy equation (1.1) in a more traditional 
sense even if these may be proved to exist only under more restrictive conditions. A case which 
appears to be promising is that of solutions depending on just one space variable, say x. In fact, 
on one hand, this type of problem has been fruitful in the case of discrete velocity models [5-13]; 
on the other hand, existence in one dimension has been proved for a model [14] and for Maxwellian 
molecules truncated for small values of the x-components of the relative velocity in a collision [15]. 
The truncation used in the latter paper is mathematically interesting but physically unsatisfactory 
because it involves the x-component which should not play any privileged role in the collision 
term. In two recent papers [16,17] we discussed inequalities which may guarantee that both the 
gain and the loss term in the collision integral are in L 1 under truncations which amount to 
acceptable assumptions on the kernel B(n.  (v -v*) ,  Iv -v . [ ) .  Due to an oversight, the proof 
based on the truncation used in [16,17] is not correct; a corrected version will be provided in the 
present paper. 
As mentioned before, here, as in the above papers, we shall consider solutions depending on 
just one space variable x and denote by 4, 7, ¢ the three components of v. We remark that 
problems of this kind preserve several three-dimensional features; in fact, not only the collisions 
are in three-dimensional space, but also the bulk velocity may have components in the y- and 
z-directions. Also we shall use 
dn = sin 0 dO de. (1.4) 
2. THE PREVIOUS RESULTS 
Here we shall recall the part of results proved in [16,17] which are correct, while the next section 
will be devoted to discussing the mistake in these papers and to prove a similar but correct result. 
The first result reads as follows. 
LEMMA 2.1. If f is a sufficiently smooth solution of the initial value problem for (1.1) with initial 
value fo, then f [  fo fv fv. (4 - 4,)2f( x, v., t)f(x, v, t) dv dv. dx dt is bounded. 
PROOF. An argument first introduced by Bony [11] for discrete velocity models works; the details 
can be found elsewhere [11,16]. 
LEMMA 2.2. Let ut be the x-component of the bulk velocity 
f 4fd~ (2.1) 
~1 = f fd~ 
Then 
~a (4 - ul)2 f(x, v, t)f(x, , v.,t) dx dt dv dr, 
× Ra x [0,TI ×R 
<Ko,  (2.2) 
where Ko is a constant, which only depends on the initial data. In fact, the integral in equa- 
tion (2.2) is nothing else than the integral in Lemma 2.1 suitably rearranged. It is enough to 
expand the squares in both the latter integral and equation (2.2), and replace f 4f d~ by ul f f d~, 
according to equation (2.1), in the former integral to obtain the latter. 
We have now the following lemma. 
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LEMMA 2.3. Under the above assumptions and the additional assumption that the ratio r be- 
tween fs  [n . (v - v,)12B(n • (v - v ,  ), ]v - v,l) dn and I v - v,I 2 fs B(n  . (v - v*), Iv - v, l)  dn is 
bounded from below, we have, for smooth solutions: 
9fR Iv - u]2f(x, t ) f (x ,  t )B (n .  (v - v*), Iv - [) dt dx dv dr.  dn ~), v , ,  v ,  s xRa xS 2 X [0,T] xR 
< K0, (2.3) 
where K0 is a constant, which only depends on the initial data. 
PROOF. As in [17], we multiply the Boltzmann equation by (2 and integrate with respect o v, 
x, t. We can now replace (2 by (( - Ul) 2 in the right hand side (since the extra terms vanish 
thanks to mass and momentum conservation) and after that separate the loss and gain terms. 
The loss term is bounded because of (2.2) (please remember that B(Iv -v .  h n) is bounded), The 
gain term will be bounded because the left hand side is bounded (energy is bounded) and the 
loss term is bounded. But the gain term (using Cl = ( - ul) is given by 
f~ {c~ - 2nlc ln " (v - v . )+ 
a x R 3 x S 2 x [0,TI x R 
n~[(n . (v - v.)2]} l (x ,  v , t  ) f (z,  v . , t  )B (n  • (v - v* ), Iv - , . l )  dt d~ d ,  d~. d~. (2.4) 
Now the first two contributions to the integral (coming from c~ and -2n lc ln  • (v - v.) are 
bounded, because of (2.2) (please note that the integrals of ntn2 and nln3 with respect to 
the angular variables vanish). Then we conclude that the third one is bounded as well. Now, 
since n 2 [(n. (v -  v.)2] = cos 2 0{ (~- ~.) cos 0 + [07- ~/*)2 + (~_ ~.)2] 1/2 sin 0 cos ¢}2 (with a suitable 
choice of the angle ¢) and the double product disappears when the ¢ integration is performed, the 
integral of the expression under consideration with respect o the angular variables is bounded 
from below by 1/2 fs  In. (v - v.)]2 B(n  • (v - v*), ]v - v.[) dn. Because of the assumption on the 
ratio r, the theorem follows (a rearrangement similar to that used in Lemma 2.2 is needed). | 
As remarked in [17] (where the factor n 2 was erroneously omitted in the second line of equa- 
tion (2.4)), this result is almost what is needed for the proof of energy conservation. In order to 
conclude, one would need omit u in equation (2.3), but there is no argument at the moment o 
justify this. As a corollary, we also obtain the following lemma. 
LEMMA 2.4. Under the assumptions of Lamina 2.3, we have, for smooth solutions: 
fR [v - v.12 f (x ,  v,t)  f (x ,  v . , t )B (n  • (v - v*), Iv - v.]) dt dx dv dv. dn 
a xRa XS2 X [0,T] xR 
< K0 (2.5) 
where K0 is the same constant as in Lamina 2.3. 
In fact, the integral in equation (2.5) is nothing else than the form that the integral in equa- 
tion (2.4) takes after using the new assumption made in Lemma 2.3. 
3. ERRATA AND IMPROVED RESULT 
In [16,17] the author, assuming that there is an ¢ > 0 such that 
B(., .) = 0 if I(v - v.) .  n[ _<:v~. (3.3a) 
and that 
B is uniformly bounded, (3.3b) 
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gave a (wrong) proof that the gain and loss terms in equation (1.1) are bounded. His rather 
lengthy proof makes use of the following four sets 
a°= {(v.v..n) e ~ x ~3 x s21 I.'-. '*1->~}. 
~ '  = {(v , , . , . )  e ~3 x ~ x S=l (¢,  ¢. , , , )  e ~'} .  
~¢ = {(V,V,, W,)E S}~3 X ~ X S21 [nl[ <~ ,1/2}, 
9' - -  {(v,v.,.)e ~3 x ~ x S=l I(v- v.).nl _<,v=}, 
(3.3c) 
where nl is the x-component of the unit vector n. Unfortunately, the proof that the part of gain 
and loss terms referring to ~e is bounded is incomplete (as pointed out to the author by Reinhard 
Illner [18]) and we have found no way of completing it. 
Thus, we take here a new approach and, while retaining (3.3b), we shall replace (3.3a) by 
B(., .) = 0 if Iv - v.[ < e. (3.3a') 
Before stating the main result which corrects the results on the collision term stated in [16,17], 
let us define 
jf~ f(x,  t) f(x,  t )B(n.  (v - v*), Iv - [) dt dxdvdv,  dn. (3.2) 
A(0, T) = s XR3 xS2 x [0,T] XR 
v, v . ,  v .  
Then the following result holds. 
LEMMA 3.1. Under the assumptions of Lemma 2.3, there is a constant K independent o fT  such 
that 
A(0,T) _< K. (3.3) 
PROOF. Thanks to equation (2.5) and the fact that B(., .) is zero for Iv - v,] < e, we have 
f (x,  t) f (x,  t )B(n.  (v - v*), Iv - I)dt dxdvdv,  dn v, v,,  v. 
3 xRS X$2 X [0,T] xR 
K0 < ~- .  (3.4) 
4. CONCLUDING REMARKS 
We have corrected a mistake in [16,17] and actually made the proof much simpler. In particular, 
now the proof of the basic lemma is independent of the H-theorem. The Ll-boundedness of the 
gain and loss terms, guaranteed by this lemma for solutions depending on just one space variable 
and collision kernels that vanish for sufficiently small relative speeds, then remains true and 
guarantees that one can in this case dispense with the concept of renormalized solution used in 
the existence proof of DiPerna and Lions. 
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